Ion-dust streaming instability with non-Maxwellian ions
The influence of non-Maxwellian ions on the ion-dust streaming instability in a complex plasma is investigated. The ion susceptibility employed for the calculations self-consistently accounts for the acceleration of the ions by a homogeneous background electric field and their collisions with neutral gas particles via a Bhatnagar-Gross-Krook collision term [e.g., A. V. Ivlev et al., Phys. Rev. E 71, 016405 (2005)], leading to significant deviations from a shifted Maxwellian distribution. The dispersion relation and the properties of the most unstable mode are studied in detail and compared with the Maxwellian case. The largest deviations occur at low to intermediate ion-neutral damping. In particular, the growth rate of the instability for ion streaming below the Bohm speed is found to be lower than in the case of Maxwellian ions, yet remains on a significant level even for fast ion flows above the Bohm speed. Dust density or dust acoustic waves 1 are among the basic dynamic phenomena that can be observed in extended dust clouds in complex plasmas, [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] see Ref. 13 for a recent review. Shielding by the light ions and electrons leads to an acoustic type wave with a phase velocity on the order of a few cm/s, 13 which can be regarded as the analog of an ionacoustic wave in an electron-ion plasma. Dust density waves can be excited as a result of an ion-dust streaming instability, which has been investigated with diverse methods, e.g., fluid 6, 9, [14] [15] [16] [17] and kinetic theory 3, 4, [18] [19] [20] [21] [22] or computer simulations. 23, 24 It was found that even moderate ion flows are sufficient to generate the instability, provided dust-neutral damping is low. 13 Kinetic models of the ion-dust streaming instability were mostly based on shifted Maxwellian (MW) distribution functions for the ions. 3, 4, [18] [19] [20] [21] [22] 25 However, it was shown that in situations where the ion flow is caused by externally imposed electric fields and when ion-neutral collisions are important, as is often the case in complex plasmas, substantial deviations from a shifted Maxwellian can occur. 26 The consequences for the plasma stability, 27 the ion susceptibility, 28 ,29 large-scale fluctuations, 30 the initial value problem, 31 or the ion drag force on dust particles 29, 32, 33 have been investigated. It is the purpose of this paper to study the effect on the ion-dust streaming instability. The analysis shows that the growth rates for the most unstable mode tend to be lower in the model with non-Maxwellian ions. However, they remain on a significant level over a much broader range of ion streaming velocities than in the Maxwellian case. The largest deviations occur for low ion-neutral collision rates and high Mach numbers. While in the Maxwellian case, the instability is well described by a fluid model 19, 21 for a wide range of streaming velocities, kinetic effects play a more important role if the ions are non-Maxwellian and driven by an external field.
The ion susceptibilities used for the calculation of the dispersion relation are briefly reviewed in Sec. II. They are then applied to the ion-dust streaming instability in Sec. III, where the general features of the dispersion relation are investigated. The properties of the most unstable mode are examined in Sec. IV. Limitations and possible extensions of the model are discussed in Sec. V. A summary of the results is given in Sec. VI.
II. ION RESPONSE FUNCTIONS
The kinetic equation for the derivation of the ion susceptibility can be written as 27, 29 
Here, m i and q i are the ion mass and charge, E is the electric field, in is the ion-neutral collision frequency, and U n is the velocity distribution of the neutrals. Ion-neutral chargeexchange collisions are treated with a Bhatnagar-GrossKrook (BGK) collision term. Small angle elastic scattering events may be ignored since they affect the ion momentum to a significantly lesser extent, see Refs. 26 and 34. Integration of f i over the velocity yields the ion density n i . The kinetic equation must be complemented by Poisson's equation. The reason for the different ion velocity distributions arise from the way streaming effects are introduced. This can be accomplished, e.g., through an external electric field (field driven ion flow, FD), leading to a nonMaxwellian ion distribution, or drifting neutrals (neutral driven ion flow, ND, Maxwellian distribution), see also the discussion in Ref. 33 . The first step for the calculation of the susceptibility is to determine the stationary ion distribution, f i0 ðvÞ ¼ n i0 U i0 ðvÞ. In the field driven case, 27, 29 an external electric field E 0 ¼ E 0êz (E 0 > 0) is introduced that accelerates the ions in the field direction. They collide with the neutral particles, which have a Maxwellian (MW) velocity distribution 
The (mean) drift velocity is determined by the electric field and the ion-neutral collision rate as
In many calculations, for the ion-dust streaming instability or the screened potential around a dust grain, the unperturbed ion distribution function is taken as a shifted Maxwellian. 19, 21, 35 However, in order for this to be a valid stationary solution of Eq. (1) (in the absence of external fields), the neutral gas particles should have the same distribution. In this sense, the ion drift can be seen as a consequence of neutral gas flow,
While the distribution functions perpendicular to the streaming direction are equivalent, the differences in the parallel direction can be quite substantial, 27, 29 even for moderate (thermal) Mach numbers, M th ¼ v d =v th;n , where v th;n ¼ ðk B T n =m i Þ 1=2 is the thermal velocity of the neutrals. Figure 1 shows U z;FD i0 ðv z Þ for various Mach numbers. It is evident that for M th տ 1, strong deviations from a shifted Maxwellian distribution occur. The distribution shows a slower exponential decay in the streaming direction and becomes much broader. Specifically, the width ("temperature") of the non-Maxwellian distribution increases with the Mach number / ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 þ M 2 th p , 32 while the shifted Maxwellian has a constant width. A direct comparison is shown for M th ¼ 9.
In the second step, the susceptibility must be derived from the solution of the linearized kinetic equation. In case of the shifted Maxwellian (neutral driven flow), the result can be written as 19, 21, 36 
where k Di ¼ v th;i =x pi is the ion Debye length, v th;i ¼ v th;n is the ion thermal speed, and the plasma dispersion function,
ffiffi ffi 2 p v th;i kÞ. The result in the field-driven case can be expressed in a similar form
where the parameter aðxÞ reads
and k in ¼ v th;n =x pi ; l E ¼ mv 2 th;n =ðq i E 0 Þ. In the numerator of Eq. (4), the brackets denote an average according to hf ðxÞi ¼ Ð 1 0 exp ðÀxÞf ðxÞdx, which is a result of the ion velocity distribution, see Eq. (2). Additional terms compared to Eq. (3) are due to a term involving the external electric field in the linearized kinetic equation that accounts for the constant acceleration an ion experiences in the field direction. There exists an equivalent integral representation of the susceptibility, 27 ,29 which may also be used for a numerical implementation.
III. DISPERSION OF DUST DENSITY WAVES
In this section, the ion susceptibility will be used to study the dispersion relation of dust density waves. The general form of the dispersion relation for longitudinal plasma waves is given by the following equation:
where v a ðk; xÞ denotes the susceptibilities of electrons, ions, and the dust particles. Equation (6) contains a large number of different waves such as electron plasma oscillations or ion-acoustic modes. Here, the focus will be on oscillations of the dust component. Since the frequency of dust density waves is very low compared with typical electron and ion time scales, in particular, x ( in , the electron and ion susceptibilities will be approximated by their static limits, x ¼ 0. The electrons are usually much hotter than the ions and the neutral gas, T e % a few eV, and electron flows are often negligible. Their susceptibility can then be approximated by v e ðk; 0Þ % ðkk De Þ À2 , where k De is the electron Debye length. For the ions, the susceptibilities given in Section II are used, Eqs. (3) and (4) . In the case of the dust particles, the cold-fluid approximation is employed, v d % Àx to focus on the influence of the ion susceptibility on the dispersion. The same applies to dust-neutral damping. Both effects could be restored for direct comparisons with experiments at a later stage.
Based on the above approximations, the dispersion relation can now be directly solved for xðkÞ with the result (see, e.g., Refs. 9 and 21)
where x r and x i denote the real and imaginary parts of the complex frequency, respectively. This will be the basis for the following calculations. For a given wavenumber kk De , the frequency x=x pd depends on the ion-neutral collision rate, in =x pi , the projection of the flow velocity on the wavevector normalized by the thermal speed of the neutrals, M th cos h [h ¼ /ðk; v d Þ], and the parameter r ¼ n i0 T e =ðn e0 T n Þ. Note that, in general, n i0 6 ¼ n e0 because the dust modifies the quasi-neutrality condition due to electron collection. For low dust concentration, r reduces to the electron-neutral temperature ratio.
A. Dispersion relation for non-Maxwellian ions
The general form of the dispersion relation for field driven ions will be investigated first. Figures 2(a) and 2(b) depict the effect of the Mach number and the angle h. The real part of the frequency increases with the wavenumber and approaches the dust plasma frequency at short wavelengths. The initial growth becomes steeper as M th cos h is increased. The imaginary part (growth rate) [ Fig. 2(b) ], on the other hand, has a maximum at a finite wavenumber and goes to zero for k ! 1. The maximum growth rate initially increases with M th cos h, reaches a peak around M th cos h % 8, and then drops again. At the same time, its position is shifted to longer wavelengths. Wave propagation perpendicular to the field, i.e., M th cos h ¼ 0, is a special case because the ion susceptibility is simply given by v
Here, the wave exhibits no instability and the dispersion relation agrees with the usual dust-acoustic wave for cold dust, see Eq. (7). The effect of the electron-neutral temperature ratio is investigated in panels (c) and (d) of Fig. 2 . Increasing r leads to a slower increase of the real part and also shifts the maximum of the growth rate, which goes along with a higher growth rate. Note that the real part can slightly exceed the dust plasma frequency.
B. Comparison with shifted Maxwellian distribution
A comparison between Maxwellian ions in the neutral driven model and the field-driven case is shown in Fig. 3 . Note that in the Maxwellian model T n ¼ T i . At intermediate collisionality, in =x pi ¼ 0:2 [panels (a) and (b)], the dispersion relations deviate substantially. In particular, for M th cos h ¼ 4, the Maxwellian model predicts a significantly higher growth rate and an oscillation frequency that by far exceeds the dust plasma frequency, whereas this effect is almost absent in the non-Maxwellian case (see also Fig. 2 ). In contrast, for M th cos h ¼ 1, the oscillation frequencies are in good agreement, while the deviations for the growth rate persist. In the high damping regime, the agreement is much better and both models yield similar results for the dispersion, see Figs. 3(c) and 3(d) .
In summary, field-driven (non-Maxwellian) ions lead to features in the dispersion similar to those observed in the Maxwellian model, 6, 19, 21 which are, however, significantly less pronounced. This concerns, i.e., the real part of the frequency, which barely exceeds the dust plasma frequency, or the growth rates, which are significantly lower than in the Maxwellian model for the Mach numbers considered here (low ion-neutral damping). A more detailed investigation is presented in Section IV.
IV. PROPERTIES OF THE MOST UNSTABLE MODE
While there exist various unstable modes with different k (some modes will be stable if dust-neutral damping is included), the instability is expected to occur predominantly at the wavenumber k Ã with the highest growth rate, 9,21 which thus deserves a closer inspection. The properties of this particular mode will be investigated, in detail, in the following, see also the related investigation in Ref. 21 for Maxwellian ions.
A. Wavenumber
The wavenumber k Ã at which the most unstable mode occurs is shown in Fig. 4 . For small ion-neutral collision rates, it is a decreasing function of M th cos h, whereas for high collisionality a maximum at very small Mach numbers is observed, see the case in =x pi ¼ 1:9. While the models give similar results for high collisionality, significant deviations are found for in =x pi < 1. For low Mach numbers, field driven ions typically yield smaller values for k Ã than neutral driven ions. The opposite is observed for M th cos h տ 3 À 5, depending on the ion-neutral collision frequency. More insight into the weak damping limit can be obtained by a closer inspection of the ion susceptibilities.
In the small Mach number, M th cos h ( 1, and negligible damping regime, =ðk v th;n Þ ! 0, 37 the ion susceptibilities can be approximated by 
Equation (9) is an upper limit on the wavenumber at low Mach numbers and finite damping as can be seen in Fig. 4 . The imaginary term in Eq. (8) is a small correction that drives a dust-acoustic wave unstable. For finite M th cos h and at low damping, the initial decrease of k Ã is faster in the FD case.
Again neglecting all ion-neutral damping terms but retaining a finite flow velocity, the susceptibility in the FD case for M th cos h ) 1 can be roughly approximated by (see Refs. 27 and 29)
Further neglecting the electron screening term in Eq. (7) for r ) M th cos h, the location of the most unstable mode can be estimated as
Due to the approximations involved, the quantitative agreement of Eq. (11) with the numerical solution is not particularly good, partly because the dependence on the ion-neutral damping rate is quite strong, see Fig. 4(a) . Nevertheless, Eq. (11) describes the general dependence of k Ã on the Mach number for finite collisionality (up to a shift) correctly.
In the Maxwellian model, one can approximate k Ã for a wide range of parameters from the relation (see Ref. 19 )
which is similar to the resonance condition x pe ¼ k Ã cos h v d for the Buneman instability in an electron-ion plasma. 21, 36 The electron plasma frequency x pe has been replaced by the frequency of an ion-acoustic wave, x iaw ðkÞ, where c s ¼ x pi k De ¼ ffiffiffi r p v th;i denotes the Bohm or ion-acoustic velocity. 38 Neglecting Landau and collisional damping, Eqs. (12) and (13) correspond to the roots of the denominator in Eq. (7).
Solving Eqs. (12) and (13) for k Ã leads to
which describes the behavior over a wide range of streaming velocities, 3ՇM th cos hՇ10, provided in =x pi Շ0:1, see Fig effects must be taken into account. 19, 21 The dependence on the ion-neutral collision frequency is quite weak for the Maxwellian distribution, whereas in the non-Maxwellian case significant deviations occur between in =x pi ¼ 0:1 and in =x pi ¼ 0:005. In summary, the largest deviations between the two models occur for weak collisionality and high Mach numbers. For typical parameters (M th cos h ¼ 8; in =x pi ¼ 0:1, r ¼ 100), one finds k B. Frequency Figure 5 shows the maximum growth rate as a function of M th cos h for various ion-neutral damping rates. Note the different scaling of the axes for field-driven [ Fig. 5(a) ] and neutral-driven ions [ Fig. 5(b) ]. In both models, there exists a maximum (see also Ref. 21 for Maxwellian ions), which is shifted to lower values of M th cos h as the ion-neutral collision frequency becomes larger, see also Fig. 2(b) . The agreement between the models is good in the high damping limit, in =x pi ¼ 1:9 (see also Fig. 3 ), whereas rather large deviations are observed at lower damping. Consider, in particular, the transition in =x pi ¼ 0:1 ! 0:02. While the growth rates in the Maxwellian model increase further [roughly $ðx pi = in Þ 1=2 for the Buneman-type instability 19 ] and show a very strong dependence on the Mach number with a steep drop around M th cos h % 10 (related to the Bohm speed, see Fig. 4 ), the model with field-driven ions predicts that even for larger values of M th cos h significant growth rates can occur. This is especially apparent for in =x pi ¼ 0:005. Figure 5 can further be used to determine if the highest growth rate is found in the flow direction or under an oblique angle 6, 21 for a fixed Mach number M th . Since M th cos h can assume all values up to M th , the former occurs if M th found to the left of the maximum, while the latter occurs in the opposite case.
The ratio between the imaginary and real parts of the wave frequency at the wavenumber with the highest growth rate is shown in Fig. 6 . While in the Maxwellian case, the imaginary part exceeds the real part for low to intermediate ion-neutral damping and Mach numbers in the range 3ՇM th cos hՇ10, largely different behavior is observed for non-Maxwellian ions. Here, the oscillation frequency (real part) exceeds the growth rate, regardless of the Mach number and the collisionality, i.e., the instability grows relatively slowly. The model with Maxwellian ions shows this behavior only at high ion-neutral damping.
C. Discussion
The velocity distribution plays a major role in determining the properties of the instability. While it becomes much broader at higher Mach numbers in the field-driven model, the width of the shifted Maxwellian for neutral-driven ions remains constant. Thus, instead of being peaked at the streaming velocity with a small thermal spread, the velocity distribution has finite values in a much broader range (see Fig. 1 ).
One can see from Refs. 19 and 21 and the discussion in Sec. IV A that the wavenumber k Ã for neutral driven ions can be well described by a hydrodynamic model for not too small M th cos h. On the other hand, the origin of Eq. (10), which roughly describes the wavenumber of the instability in the FD model for M th cos h ) 1, is kinetic. 29 Thus, compared with the Maxwellian model, where hydrodynamic effects dominate in this regime, kinetic contributions have a higher weight in the field driven case. Note that the approximation of the ion susceptibility for M th cos h ) 1, Eq. (10), contains the same kinetic term as in the limit M th cos h ( 1 [Eq. (8) ], the only difference being the scaling with the Mach number. However, the ion Debye screening term $ðkk in Þ À2 is missing in Eq. (10) . Ion-neutral damping has been neglected in this analysis and leads to a downshift of k Ã and considerably affects the growth rates. 
V. DISCUSSION OF THE MODEL
In this section, some of the drawbacks and restrictions of the theory will be discussed.
The BGK collision operator employed in the calculation of the ion response function assumes a constant ion collision frequency. It was shown 26 that this approximation yields good results for the ion distribution at small Mach numbers when compared with Monte Carlo simulations based on energy dependent cross sections. Deviations occurred for higher Mach numbers, where the simulations showed a Gaussian instead of an exponential tail. However, the constant in approximation does capture the broadening of the distribution and its asymmetry, which is missing if a shifted Maxwellian is used. Furthermore, the kinetic equations can be solved analytically. Therefore, using the BGK collision operator is a practical method to include the dominant effects of ion-neutral collisions. An alternative solution would be the assumption of a constant mean free path, 27 which admits an analytical solution of the kinetic equation in the case of cold neutrals. The corresponding distribution function for the ions shows similar broadening as in the constant in case, which is the main difference compared to the shifted Maxwellian. Therefore, one may expect that the instability is affected similarly.
The theory assumes that the electric field is constant, whereas in experiments the field strength may vary, especially in the sheath region. This was shown to affect, e.g., the screening of the dust potential. 39 Thus, the theory here should be applicable if the electric field varies only weakly across the extension of the dust cloud. At low collisionality and for strong variations of the electric field, infrequent collisions may further hinder (local) equilibration and cause deviations from a distribution based on the assumption E 0 ¼ const:
It was shown 27 that field-driven ions can become unstable at low ion-neutral damping and high Mach numbers, which would affect their screening properties and, thus, the development of the ion-dust instability. The parameter range, where the ion instability occurs when electron screening is included, was estimated roughly as 8ՇM th Շ ffiffiffiffiffiffiffiffiffiffiffi ffi T e =T n p and in =x pi Շ0:3. For the parameters studied here with ffiffiffiffiffiffiffiffiffiffiffi ffi T e =T n p % 10, it can thus be expected that if the instability occurs, then only in a small region of the parameter space. This might further be affected by the presence of (large amounts of) dust in the plasma. A detailed investigation of these questions is beyond the scope of this paper.
The dispersion relation, Eq. (7), neglects some of the effects that could be important in a realistic experimental situation, 22, 25 e.g., dust-neutral damping, dust-thermal effects, charge fluctuations, or drifts of other components. 17 Strong coupling effects of the dust component 40 could also play a role. More sophisticated expressions for the dielectric function can be constructed if necessary. Moreover, dust density waves observed in experiments often have significant amplitudes (e.g., Refs. 41 and 42), i.e., they are not strictly in the linear regime. Thus, a nonlinear treatment of the wave would be preferable compared to the linear theory presented here. Nevertheless, the linear theory is a valuable tool to investigate the stability of the system and valid in the initial phase before the wave becomes nonlinear. The present calculations could partially be extended into the nonlinear regime through molecular dynamics simulations of the dust particles as was done in Refs. 24 and 43, where the ion susceptibility was used as input for the calculation of a (linearly) screened dust interaction. This would automatically include some of the effects also missing in the linear theory such as dust thermal and strong coupling effects.
VI. CONCLUSION
The comparison between the models with field-driven (non-Maxwellian) and neutral-driven (Maxwellian) ions shows that the latter lead to more pronounced features in the dispersion relation of dust density waves, such as higher growth rates or oscillation frequencies far above the dust plasma frequency, albeit in a limited range of drift speeds. At low ion-neutral damping rates, field-driven ions lead to significant growth rates even beyond the Bohm speed, whereas the growth rates quickly decrease in this regime for Maxwellian ions. In the high damping limit, both models yield similar results. Kinetic effects play an important role in the field-driven model even for high Mach numbers, while in the Maxwellian case a fluid model yields similar results. 21 Since the deviations can be quite substantial, nonMaxwellian distribution functions could be another factor to consider when the effects of different physical processes on the dispersion relation are investigated. 25 
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